This paper proposes a geometric model based lateral control system for a ground vehicle. Lateral control algorithm takes the advantages of two different path tracking methods at different path geometries. Two of the well-known geometric path tracking methods, namely Pure -Pursuit method and Stanley method, are combined with a simple and easy to implement approach. Pure -Pursuit method is very good at low speeds. However, as speed increases cutting corner behavior occurs and vehicle tends to converge to path relatively slow. In contrast, Stanley method convergence to the road is very fast and there is no cutting corner behavior. However since there is no look ahead behavior in Stanley method, it tends to overshoot from the desired path for sharp turns. In this work we propose a hybrid method to improve convergence to the path, prevent cutting corner and overshoot from the desired path.
I. INTRODUCTION
Today autonomous driving is one of the most popular research topic all over the world. Main driving force for that interest is increased demand for developing safe, comfortable and efficient ways of transportation. With the help of advancements in technologies such as computation, sensor technologies and communication; fully autonomous drive does not seem to be so distant.
Automated driving requires deep understanding and cooperation of many different disciplines and topics, such as sensor technologies, localization and mapping technologies, estimation and fusion algorithms, image processing algorithms, decision making and trajectory generation algorithms, vehicle controls theory and automotive engineering. An ordinary driver just steers the steering wheel and apply brake or gas pedal to follow the lane and adjust the speed of the vehicle even without thinking. Nevertheless, this path following problem is under research for years as can be observed from the literature.
Path tracking methods can be divided in to two main groups: Geometric and model based control methods. Geometric methods use only the geometrical relation between the path and the vehicle. The most popular geometric methods include Pure-Pursuit, vector pursuit and Stanley method [1] . Geometric methods are better at disturbance rejection in general. However they are relatively problematic at high speeds [1, 2] . This problem is tried to be overcome by proposing adaptive look forward methods or gain scaling. Each methods has its own weak points, while the Pure-Pursuit methods starts to cutting corners at high speed [3], Stanley method overshoots from the path at sharp corners [2] . Vector control, which is another geometric control method, depends on the screw theory [4] . It is similar to Pure-Pursuit method but it also considers the target orientation at the look ahead point.
Model based methods uses the vehicles mathematical model to decide the control strategy. In the literature almost all classical control methods are proposed for solving the vehicle trajectory control problem. Kinematic, dynamic linear and nonlinear models are employed in several works. They are relatively complicated with respect to geometrical methods.
A method that is combining the look ahead type control with steady state cornering vehicle model is proposed by Jalali et al. [5] . In this method a steering angle, under the steady state dynamic steering condition, that will bring the vehicle to target position is calculated. In another work, gain scheduled PID controller is proposed. Scheduling of the gains are determined by minimizing lateral deviation and heading error with respect to target path [6] .
A kinematic vehicle model based controller is developed in a dissertation [2] . However the method includes a complicated mathematical derivation that is hard to implement. A dynamical model based controller called optimal preview control is also proposed in [2] with favorable results.
Some fuzzy logic based control strategies are also proposed in the literature. A control strategy is proposed by P. Ping et al. [7] such that the cross track error is compensated by a PI controller and the yaw angle error is compensated with a fuzzy logic controller. In another work a full state feedback controller method is supported by a fuzzy logic based gain scheduler to compensate parameter changes in the model, and implementation on a real vehicle is considered [8] .
Model Predictive Control (MPC) method is one of the most popular methods in the literature. Reference, which is the trajectory, is predetermined in most of the cases and a detailed vehicle model is very effective at state estimation. A combined longitudinal and lateral control structure with a nonlinear MPC is proposed by Song et al. [9] . Another nonlinear MPC method is proposed for path following and collision avoidance by Braghin et al. [10] .
In this paper a hybrid method that is a combination of two geometric methods (Pure-Pursuit and Stanley) is proposed. In section 2, the methods that will be referred are explained. Then in section 3, the proposed hybrid method is explained in detail. In section 4, the vehicle model that is used in simulations are explained. Three different test tracks are used for the tests and explained in details. In sections 5 and 6, the results of simulations and conclusions are explained respectively.
Mertcan Cibooglu, Mehmet Turan Söylemez II. PATH TRACKING CONTROLLERS In this part, three different path tracking algorithms are explained in detail. First two methods are similar to human driver trying to track a given path. While the third approach is based on a simplified mathematical model of the vehicle that is trying to follow a given path. In that sense, it can be said that first two is more intuitive than the latter one, and it is obvious that each method has its own strengths and weaknesses.
A. Pure-Pursuit Method
Pure-Pursuit is one of the most commonly used methods in a path tracking problem because of its simplicity and good performance. The main idea behind the Pure-Pursuit method is y and find the steering angle that makes the vehicle to pass through that target point. Hence, that translates the whole path tracking problem into a simple geometry problem. Schematic view of the Pure-Pursuit method is presented in Fig. 1 . In this method tire slip is assumed to be zero and it is assumed that the tires fully comply with the non-holonomic constraints.
As one can see the desired steering angle, pp(t), which makes the vehicle to pass through the target point can be found as in (1). (1) In (1), is the angle between the vehicle heading and the the target point. ld is the ( Fig.  1 , yellow line), L is the wheelbase of the vehicle. Therefore, Pure-Pursuit algorithm can be described with the following routine [13]:
1. Find the current location and orientation of the vehicle in the global coordinate system 2. Find the point that is on the track and closest to the 3. Search for the target point (xla, yla) that is on the track and at a distance ld 4. Transform the target point coordinates defined in global coordinates to vehicle coordinates.
5. Calculate the angle and then determine the steering angle using (1) 6. Apply the steering angle found in step 5 and return to step 1 in next time step
As it can be seen, Pure-Pursuit method has only one parameter to be tuned, that is the look ahead distance, (ld). In that sense, the look ahead distance behaves like a proportional gain [11] . If the look ahead distance is kept small, the vehicle tends to track the trajectory more precisely but control signal i.e., steering angle, changes rapidly and that can cause oscillations in the response [2] . If it is kept large, the response becomes smoother but large corner cuttings may be seen which decreases the tracking quality and safety in some cases. The look ahead distance can be tuned according to path geometry and velocity of the vehicle as studied in the previous works [1, 2, 12] . Decreasing the look ahead distance as path curvature increases and increasing it as path curvature decreases can be an adaptation to path geometry. The steering angle of Stanley method is given as in (2).
B. Stanley Method
(2)
Here is the orientation error, k is the track error gain, e is the track error and vx is the vehicle longitudinal speed. Stanley method is one of the most powerful path tracking methods and it has several extensions that increases its effectiveness further. Due to the direct use of cross track error, it converges more rapidly to the desired path. In (2), the contribution of cross track error is scaled by the vehicle velocity. Its stability guaranteed robustness is another strength of the method [12] . However if the path is not smooth, in other words if the curvature of the path is not changing continuously, this method yields large tracking errors. Because Stanley method uses the closest point on the trajectory to the front wheel, there the vehicle does not start to steer until the vehicle arrives in to a sharp turning point and deviates largely from the planned trajectory afterwards.
C. Steady State Cornering Method
A different look ahead method that considers steady state cornering dynamics of the vehicle is proposed by K. Jalali et al. [5] . As can be seen in previous sections, Pure-Pursuit and ) Stanley methods depends on simple geometry; they do not consider the dynamics of the vehicle. On the other hand, in this method, a look ahead point that is not necessarily on the trajectory is selected. Then the target point is selected as the closest point on the planned trajectory to the look ahead point. Geometrical representation of the model is shown in Fig. 3 . The required steering angle is calculated as a function of the look-ahead offset o, the vehicle longitudinal velocity vx and some other vehicle parameters. The calculation is done by using a linearized dynamic bicycle model at the steady state cornering conditions, i.e., constant lateral velocity and yaw rate.
The steering angle of Steady State Cornering method is (3)
where T is (4) In (3) and (4), a and b are the distances of the front and mCG is the vehicle mass, SSC is the steering angle of the front wheel, and C and C of the front and rear tires, respectively.
As can be seen, the control strategy includes vehicle longitudinal velocity vx. This makes the method to be adaptive for velocity changes. In addition, the look ahead distance can be configured to adjust the stiffness of the control law. Speed adaptation and model based control can be counted as other advantages of the method. However modelling errors and parameter changes can be problematic for this method.
In addition, the look ahead distance optimization is required with respect to velocity as in the case of Pure-Pursuit. A dynamic look ahead distance is proposed in [5] as follows:
(5) where dconst is a constant distance which is an ordinary driver look ahead at low velocities, tdriver is the steering reaction time of an ordinary driver and vx(t) longitudinal velocity. As one can see, similar to a real driving case, look ahead distance increases as speed increases.
III. HYBRID CONTROLLER
In section 2, three different methods for path tracking are described, and it is clear that each method has its own advantages and disadvantages. It is known that Stanley method has better performance on smooth trajectories with continuous curvature. However, since the method does not look forward, sharp changes on path points cause large deviations from the target. In contrast, Pure-Pursuit and Steady State Cornering methods look forward in order to maneuver. For that reason, the latter two methods can preview sudden changes on the path beforehand. But on a smooth path, these two methods cut corners and their performances are not as good as Stanley. For this curvature problem of the path, two solutions can be proposed. The first one is to recalculate the path points in order to make the path smoother. In this method, sharp parts of the path are converted to higher order polynomials and the path can be divided into pieces at sharp parts to generate more points. The second solution is to propose a control structure that deals with the sharp changes in the trajectory without changing the original path structure. In this paper, the latter proposition is explained in detail. A hybrid controller that puts together the strong capabilities of different methods that are previously discussed will be presented.
As mentioned before the look ahead methods are good at sharp changes in the trajectory and are bad in cutting corner behavior, and Stanley is vice versa. The proposed hybrid controller is using Pure-Pursuit and Stanley Method at the same time. A weight factor is adjusted depending on the smoothness of the path ahead. As the path gets smoother, the weight of the Stanley method is increased, if a sharp change is ahead the weight of the Pure-Pursuit method is increased. To decide if the path is smooth or not, the look ahead strategy used in steady state method is implemented.
A schematic representation of the problem is shown in Fig.  4 . As in the steady state cornering method, the target point on the path that is the closest to the look ahead point is found. Then the angle difference ( dif) of the path segment that the target point lies on and the succeeding segment is calculated as (6): Then a weight rule is defined as: (7) As given above, if the angle between two segments are larger than 15 degrees a desired steering is weighted on Pure-Pursuit method steering command PP, otherwise Stanley method steering command Sta is enforced. Two methods are not fully disabled in any case in order not to lose the strong side of each method.
However, if there is a very sharp change like a perpendicular turn, the dif term will get larger than 15 degrees just at that time. Hence the switching will not have any effect on the vehicle behavior. So as to overcome this, a timer is used to keep the rule valid for a while (1 second in this case) when a rule change occurs. (8) (9) where th is the timer value.
IV. VEHICLE MODEL AND PATHS
In this part the vehicle model that is used in the simulations is described. Also, several paths are defined in order to test and compare the described path tracking algorithms.
A. Vehicle Lateral Dynamics
In the simulations, a dynamic bicycle model is used. Bicycle model is one of the most commonly preferred models because of its simplicity. In this model, front and rear wheels are lumped in to a single front and rear wheel and a two track vehicle model is simplified with a bicycle model. A bicycle model can be linear, nonlinear, kinematic or dynamic.
The main difference between the kinematic and the dynamic model is the tire slip effect. The kinematic model is derived based on the assumption of zero slip on tires, and in that sense it is a simple geometrical model. In this work, a dynamical bicycle model is used under the assumption of constant longitudinal velocity, as illustrated in Fig. 5 . Assuming small tire slips, the force generated by the wheels is linearly proportional to the slip angle, the lateral forces are defined as (10) and (11) [11] . (10) (11) where Lr and Lf are the distances of the front and rear axles to the vehicle center of gravity, is the steering angle of the front wheels, is the yaw angle of the vehicle and Cf and Cr are the combined cornering stiffnesses of the front and rear tires, respectively. Assuming a constant longitudinal velocity , the net longitudinal force on vehicle can be assumed to be equal to zero. Therefore, force and moment balance equations of the vehicle are given as:
where Iz is the yaw moment of inertia with respect to center of gravity of the vehicle and m is the mass of the vehicle. Hence velocity of the vehicle in global coordinates can be found as follows: (14) (15)
B. Paths
The methods are tested on three different tracks. The first one is the R50 circle track, which is a circle with 50m radius and with path points at 0.01 radian increment. The second is a rectangular track with 150m width and 120m length. The path points are generated with 1m increments along the path. For the third track, in order to test smooth and sharp edged path behaviors together, a complex path (called as mixed path) is generated.
The mixed path has 50m radius smooth turns, 90 degree turns, 20 degree bumped turns, 45 degree turns and some other smooth and sharp turns. Notice that in mixed path, the distances between path points are not constant.
V. RESULTS AND COMPARISONS
In the simulations the look ahead distance, dlook_ahead is selected as described in (5) for all methods to make a fair comparison. Constant distance and reaction times are selected as 4 meters and 0.7 seconds respectively as proposed in the previous work [5] . For Stanley and Stanley part of the proposed hybrid method, k is selected as 2.5. For all methods, the desired steering angle is limited with 15 degrees. Three constant vehicle test speeds are selected: slow, normal and fast which are 20 km/h, 50 km/h and 80km/h respectively. Cross track error which is shown in Fig. 6 is selected as the error criterion. The resultant error of each track and method is calculated in two different ways. The first one is the mean absolute error, which depends on L1 norm:
Second way is L2 norm or so called as the Euclidean norm which is the square root of the sum of square errors: (17) where k represents the time steps.
A. R50 Circle Path
Circle track is very smooth, in other words angle changes between path segments are very small. As expected, Errors for the Stanley method are small in comparison to the Pure-Pursuit and the Steady-State methods as shown in Table  1 . Since the path is very smooth, there is no switching in the hybrid method, so it operates in Stanley weighted mode. One can see in It can be said that small contribution of look forward behavior at low speeds increases the performance of Stanley method and this is because of the added cutting corner behavior. For high speeds, Stanley method gives a better result since, in a sense, it directly senses the cross-track error and tries to compensate it.
B. 150x120 Rectangular Track
In the second track, sharp turns are tested. As it can be seen from Fig. 8 , Stanley is not starting to steer until vehicle comes very close to the turning point. In other methods, because of the look ahead behavior steering is initiated earlier. Zoomed figure shows that proposed hybrid controller gives the best result in comparison to other methods. It starts turning before the sharp turn, after that since Stanley method takes action, cross track error is compensated rapidly.
As it can be seen from Table 2 , Hybrid controller performs very well in comparison to other methods. At high speeds because the Pure-Pursuit method makes less overshoot from the path, maximum deviation is the smallest among others. That makes it the best with respect to E2 error criterion. 
C. Mixed Path
In order to see the effectiveness of the proposed hybrid controller, a mixed path is used for simulations as explained in the previous section. This path has sharp edges, smooth turns and sharp turns. In Fig. 9 , turns with different characteristics can be seen with closer looks. On a smooth turn as in Area A1 and Area B, it can be seen that Stanley and Hybrid controller are the closest ones to the path. On sharp turns as in Area C and Area D, Pure-Pursuit and the hybrid methods perform better. As it can be seen from Table 3 , in mixed path, the hybrid controller outperforms other methods regard to E1 and E2 error criteria. Nevertheless, it can be seen that Pure-Pursuit gets better in L2 norm error criteria because of its cutting corner behavior as speed increases. The amount of error differences between the proposed hybrid method and the other methods increases especially at higher speeds. 
VI. CONCLUSIONS
In this work a hybrid method that utilizes the strong capabilities of Pure-Pursuit and Stanley path tracking algorithms is proposed. As mentioned in Section 3 some sharp turns in paths can be dealt with either smoothing, the path or improving the control strategy to adapt it. In this work, the second approach is employed. The results showed that the proposed hybrid method has good performance in both straight roads and at sharp turns in the means of convergence to the path, cutting corner behavior and the large overshoots from the path at sharp corners. For further improvements an adaptive time threshold can be selected with respect to the vehicle speed. The weight of the Pure-Pursuit and Stanley methods can also be made adaptive in terms of speed road geometry and tracking error as part of the future work. The stability and robustness analysis of the proposed method also requires future work. Because of its simplicity and the superior results obtained at different tracks it is believed that this method could be a useful tool for certain applications.
